The paper focuses on calculation of claims reserves using a stochastic incremental approach (stochastic Chain Ladder using only incremental payments), and for that we establish the require formulae and we put our assumptions by modifying Mack's model. We will next concentrate on the calendar year view of the development triangle, to clarify more we propose a new tabulation form, then we apply the CDR for both cases (incremental approach and calendar year view). By using the incremental vision we avoid a step of calculation (no need to calculate the cumulative triangle), and we got identical results with easier formulae which brings lot of advantages for insurance companies.
Introduction
Payment of claims does not always take place at once, in the same accident year. The regulation of claims is done over time, and it is necessary to establish reserves to honor future liabilities. As the claims amount, that will be finally paid are unknown currently. The amount to put in reserve is also unknown and must be estimated. These estimations can be calculate by the so-called technical IBNR (Incurred But Not Reported), which are based on the past claims payments to estimate its future development. In this paper we will study a new approaches, more formally a modern and sophistical vision to old techniques, for estimation of loss reserves. So we will first present the so-called stochastic incremental approach which calculate the reserves and the ultimate claims using only incremental payments of development triangle, and the second approach is a modern presentation of an old vision, the incremental approach in calendar year view (t) which is already mentioned by Buchwalder-BuhlmannMerz-Wuthrich [1] , Eisele-Artzner [2] , Partrat-Pey-Schilling [7] , in our case we study the approach in details, establish the formulae and propose a new tabulation form to give a clear view for the calendar years.
A claims development triangle has three directions: The two directions, development year and accident year, are orthogonal, but the calendar year direction is not orthogonal neither to the accident year direction nor to the development year direction. The paper is organized as follows. In section 2, we will present the stochastic incremental approach which is the incremental case of the Mack's model, so we will reformulate the assumptions and establish the formulae require basing only on incremental payments, which include the error estimation on calculation of reserves, then we will apply the CDR for this approach. Section 3 present the incremental approach in calendar year view, so we propose a new form of tabulation figure 5 to clarify this vision, follow by the apply of the CDR. To illustrate the results, a numerical example with conclusion is provided in Section 4, the example show the uses of the two approaches studied, and the results obtained are identical of those using traditional claims reserving techniques for run-off triangles, in addition of these results we can get the reserve of each calendar year (t).
Presentation of the incremental approach
In this section we will base only on the incremental payments data D i,j to estimate the parameters. This mean we don't need to go a step forward to calculate the cumulated payments as it's done in traditional claims reserving techniques, otherwise said, we want show that we can find the same results of traditional claims reserving techniques based on cumulated development triangle, directly by the incremental development triangle and for that we present the approach as follow. First presentation of uses notations. Secondly we will present the assumptions of the approach by modifying Mack's Model, and show that the development will be conditioned to the incremental payments data, then we will establish the formulae for estimating the parameters. Next we will estimate the error in calculation of reserves. After that we will make comparison between Mack's formulae and the formulae given by the incremental approach, finally we apply the CDR for this approach. To begin with, we define the notations used in this paper, and we denote: i ∈ {1, ..., I} accident years, j ∈ {1, ..., J} development years, For simplicity, we assume that I = J.
Provisioning is a prediction problem, conditioned by the information available at time t=I.
For that we denote D i,j the set of all data available at time t=I, more formally
If we focus on the set of all data observed until the development year j,we note
Assumptions' modification of Mack's model
This new approach is also based on three assumptions, the two first assumptions are:
, for all i ∈ {1, ..., I}, j ∈ {1, ..., J − 1}, where f j are the development factors. H2 : The variables {X i,1 , . . . , X i,I } and {X k,1 , . . . , X k,I } of different accident years i = k are independent. 
Estimation of parameters 2.2.1 The development factors
For each development year j ∈ {1, ..., J −1}, the development factors f j (Chain ladder factors) are estimated by
We can not guess the true values of the development factors f 1 , . . . , f J−1 from data because the whole run-off triangular is not yet known at time t=I. They only can be estimated using incremental payments X i,j as we showed in the formula (1), One prominent property of a good estimator is that the estimator should be unbiased.
Theorem 2.1. Under the assumptions H1 and H2, the estimation of the development factors f 1 , . . . , f J−1 defined by (1) are unbiased and uncorrelated.
Proof A. We will first demonstrate the unbiasedness of development factors, i.e. that E( f j ) = f j . Because of the iterative rule for expectations,
We have
This implies that
Which shows that the estimators f j are unbiased. We turn now to the no correlation between the estimators of the development factors, i.e. that E(
The ultimate claims amount
The aim of the chain ladder method and every claims reserving method is the estimation of the ultimate claims amount Z i for the accident years i = 2, ...., I.
In our approach we can calculate Z i using two formulae, the first one is so easy, by using the summation of all incremental payments.
Where the first term represents a known part (the yearly past obligations) Z 0 i , and the second term corresponds the outstanding claims reserves R i , or we can simply using the classic form given by
Theorem 2.2. Under the assumptions H1 and H2, the estimation of the ultimate claims amount Z i defined by (3) are unbiased.
Proof B.
Yearly claims reserves
One of the advantages of our new approach is that we can easily calculate the outstanding claims reserves estimators (in other words, what is left to pay for claims incurred in year i), by a simple sum of the incremental payments estimators for i ∈ {2, ..., I}
We can also obtain R i using the classic principle, i.e.(make the difference between the estimators of the ultimate claims amount Z i and the past obligations Z 0 i has already been paid up to now), and we denote for i ∈ {2, ..., I}
and their sum will give
we observe here that we can also get the overall reserve by a simple summation of all the future incremental payments in the lower part of development triangle,
Theorem 2.3. Under the assumptions H1 and H2, the estimation of the outstanding claims reserves R i and the estimation overall reserve R are unbiased.
Calculation of standard error
The formula for estimating the standard error is based on Mack's model, and in this paper we will measure this uncertainty using only the incremental payments.
The estimation error of the yearly claims reserves
Z i provides an estimator but not the exact value of Z i . In this section we are interested in the average distance between the estimator and the true value.
The mean square error M SE( Z i ) is defined by
Here we are interested in a conditional mean based on the specific incremental payments data set (D i,j ) to obtain the mean deviation between Z i and Z i only due to future randomness.
The standard error SE( Z i ) is defined as equal to M SE( Z i ). If we are interested in the error on the provision, we must calculate
The error in estimating the yearly claims reserves is equal to the estimation error of the ultimate claims amount. In order to calculate M SE( Z i ) we'll decompose it according to the following formula:
This formula shows that we therefore need to estimate the variance of X i,j , this will lead us to identify a third assumption for our new approach derived from Mack's Model,
The parameters σ 2 j are unknown and must be estimated.
Property 2.4. Under H1, H2 and H3,
is an unbiased estimator of σ 2 j and
Proof D. The formula (D1) Comes from
We get σ 2 j by replacing the unknown parameters f j , with their unbiased estimators f j .
Theorem 2.5. Under the assumptions H1, H2 and H3, σ 2 j are unbiased.
Proof E. The definition of σ 2 j can be rewritten as
because S i,j is D j -measurable, we calculate first (E3) by
, by H1 and H3.
(E3) We turn now to (E4) for that we using (F 6) and (A3) we obtain
(E4)
Inserting (E3) and (E4) into (E2) we obtain
The following theorem gives the formula for estimating M SE( R i ).
Theorem 2.6. Under the assumptions H1, H2 and H3, M SE( R i ) can be estimated by
Proof F. We use the abbreviations
The theorem of conditional variance
we have the formula (8) given by
Using assumption H2 and then repeatedly applying the formula of the assumptions H1 and H3, the first term of M SE( R i ) can be written as:
As we don't know the parameters f j et σ 
We turn now to the second term of the expression (F 4) for M SE( R i )
To estimate the second term we cannot simply replace f j by their estimator because this will lead to cancel it. We therefore use another approach. We assume that,
where
so we have
We obtain , that is to say that we estimate the second term of M SE( R i ),
By adding the expressions (F 5) and (F7), we find the formula proposed for
The estimation error of the overall reserves
It is also interesting to calculate the error on the estimated overall reserve R = R 2 + ... + R I . We can not simply sum the errors M SE( R) because they are correlated by the same estimators f j and σ 2 j , but we can use the following theorem.
Theorem 2.7. Under the assumptions H1, H2 and H3, M SE( R) can be estimated by
Proof G. This proof is analogous to that in (Proof F). The explanations will therefore be brief.
M SE(
We have been calculated this terms on (Proof F),
We therefore need only develop an estimator for F i F k . We immediately get the final result of M SE( R)
Comparison between Mack's model and incremental approach
We can see that this new approach using only incremental claims which results easier formulae. Proceeding from the formulae of our approach we can automatically find the same formulae of Mack's model.
Mack's Model Incremental Approach Mack's Model
Incremental Approach
Claim development result
The difference between two successive estimates of best estimate on time I and I + 1 is called the claim development result (CDR). We will calculate the CDR using the incremental claims data, for that we will change the notation of the incremental claims data available at time t = I to
and for the incremental claims data available one period later, at time t = I +1 by
If we go one step ahead in time, we obtain new incremental observations {X i,I−i+2 ; i ≤ I} on the new diagonal. More formally, this means that we get an enlargement of the σ−algebra generated by the observations D 
Estimators
The development factors
The ultimate claims amount
Yearly claims reserves
These estimators are unbiased Definition 2.8 (True CDR for a single accident year). The true CDR for accident year i ∈ {1, ..., I} in accounting year ]I, I + 1] is given by
our approach will permit us to define the CDR as the difference between the matrix of all incremental payments data at time t = I minus the matrix of all incremental payments data at time t = I + 1.
Definition 2.9 (Observable CDR, estimator for true CDR). The observable CDR for accident year i ∈ {1, ..., I} in accounting year ]I, I + 1] in the chain ladder method is given by
CDR real (CDR i (I + 1)) is estimated by the CDR observable ( CDR i (I + 1)).
The one-year bootstrap
The stochastic process is applied only to the diagonal of the calendar year I + 1, this new diagonal has been projected by our approach. Because we use only the incremental claims in this approach, the Bootstrap simulation will be more easy to calculate since the Pearson residuals are based on incremental payments. So we will avoid 3 steps in calculations and we directly calculate the data incremental payments backwards X 
then we calculate the Pearson residues, and apply the bootstrap n times only for the diagonal we want simulate, using classic formulae see [3] .
3 The incremental approach in the calendar years view
We will focus our interest from the development years j to the calendar years t which give us a new view for the past obligation of each calendar year t and also the estimation of the obligations left to pay of each calendar year t then we can easily calculate the overall reserve by the summation of the past and estimated obligations. In this new tabulation, we always represent the accident years by i ∈ {1, ..., I} and the calender years by t ∈ {−T, ..., T }, for t ∈ {−T, ..., 0} we have i ≤ t + I and for the future part t ∈ {1, ..., T } we have i ≥ t + 1. We used negative index t ∈ {−T, ..., −1} to represent the past and the current time by t = 0 and finally the future time by the positive index t ∈ {1, ..., T }. Such as T = I − 1. In this view we can calculate Z 0 t , R t of each calender year and the sum of all payments of the development lozenge will give the ultimate claims amount Z. We can complete the right part of the lozenge (future part) of the incremental payments by,
3.1 Estimation of parameters in the calendar years view 3.1.1 The development factors at time t
For each development year t ∈ {−T, ..., −1}, the development factors (Chain ladder factors) are estimated by
We observe that the development factors are indexed by the calendar year (t), but they calculate always the proportion between the development years.
The past obligations at time t
The process of past obligations for each t ∈ {−T, ..., 0}, i.e the past claims amount X i,j , has already been paid for each calendar year till the current date t = 0, which is defined by
We can obtain the overall past obligations by
Claims reserves at time t
To obtain the estimators of the outstanding claims reserves for each calendar year t, we denote for t ∈ {1, ..., T }
also the reserves for each year i, for i ∈ {2, ..., I}
and their sum will give the overall reserves
The ultimate claims amount
We can calculate the yearly ultimate claims amount by
The process Z defined by
Claim development result in the calendar years view
We can apply the same definitions of the CDR presented above to get the observable CDR i (I + 1)
Where X i,1 is simulated by a one year bootstrapping, with X 1,1 = 0. 
Numerical example and conclusions
For our numerical example we use the data set given in Figure 7 . The table contains incremental payments for accident years i ∈ {1, ..., 9}. We will apply our approach (Stochastic Chain ladder using incremental payments) on the incremental payments data X i,j , we first calculate the development factors according to formula (1) then we complete the lower triangle, and finally we obtain the amounts we seek to put in reserve. The results are identical to those given by the classic Chain ladder using cumulated payments, so we can calculate our reserves simply without need to calculate the cumulated triangle, by avoiding a step of calculation and we can got a clear image about information we have in the triangle, and the formula we use here are more easy by applying simple summations. Let's move at present to the new tabulation form for the calendar years view and we can recalculate the reserves as in figure 8 . only incremental payments which avoid calculation of the cumulative triangle, and we can got identical results see Comparison [2.4] . We calculate the CDR for this case, and we apply the bootstrap by developed a new formula see (19) which avoid 3 steps in calculations.
Second, we examined the incremental approach in calendar year view, so we propose a new form of tabulation Figure 5 , so we can easily calculate the past obligation of each calendar years (t), the claims reserves of each accident year (i) and the overall reserve.
The incremental approach give us the advantage to avoid lot of steps in different cases, and we can observe the simplicity of the formulae used to give identical results.
